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BIFURCATIONS OF TRANSONIC FLOW PAST SIMPLE AIRFOILS

WITH ELLIPTIC AND WEDGE-SHAPED NOSES

UDC 533.6.011A. G. Kuz’min

A turbulent transonic flow past two symmetric airfoils with flat midparts is studied numerically.
Using the Reynolds-averaged Navier–Stokes equations, we analyze the flow past a 9% thick airfoil
with an elliptic nose. A range of the free-stream Mach number M∞, in which flow bifurcations
occur, is determined. Values of M∞ that give rise to significant changes in the lift coefficient with
variations of the angle of attack are specified. Flow bifurcations are also revealed for a thin double
wedge, i.e., a sort of a hexagon.
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Introduction. The existence of bifurcations of a transonic flow past symmetric and asymmetric airfoils
having lengthy portions with a small or zero curvature was established in a number of studies on the basis of the
Navier–Stokes equations [1–3]. In [4, 5], we obtained and analyzed regimes of transonic buffet and bifurcations of
the flow past simple airfoils whose nose and tail are circular arcs. In this work, the above-mentioned phenomena
are studied for other simple airfoils.

1. Formulation of the Problem and Numerical Method. We consider a two-dimensional flow past a
smooth symmetric airfoil of thickness h whose midpart is a couple of segments parallel to the x axis:

y(x) = ±h/2, a � x � 1 − a. (1)

The nose is an elliptic arc:

y(x) = ±(h/2)
√

(2 − x/a)x/a (0 � x � a), (2)

where a is the length of the nose portion of the airfoil. The tail of the same length as the nose is constituted by
two circular arcs of radius R = b + h/2, where b is the distance from the circumcenter to the x axis (Fig. 1):

y(x) = ∓b ±
√

b2 + a2 − (x − 1 + a)2 , 1 − a � x � 1. (3)

As the arcs have a common endpoint x = 1, y = 0, we obtain R = (a2 + b2)1/2. Using the latter expression and the
formula R = b+h/2, we find the relation between the parameters that determine the airfoil tail: b = (a2−h2/4)/h.

The outer boundary of the lens-type computational domain is composed by two curves Γ1 and Γ2 located
at a minimum distance of 40 chord lengths from the airfoil and a maximum distance of 100 chord lengths. On
the inflow part Γ1 of the outer boundary, fixed values of the angle of attack α, Mach number M∞ < 1, and static
temperature T∞ are given. On the outflow part Γ2 of the boundary, we prescribe the static pressure p∞ related to
the temperature T and density ρ by the equation of state p = ρT cv(γ − 1), where γ = 1.4. The no-slip condition
and the vanishing heat flux are prescribed on the airfoil (1)–(3). The initial data are either uniform free-stream
parameters or a nonuniform flow field obtained previously for other values of M∞ and α.

Solutions of the initial-value problem for the system of Navier–Stokes equations endowed with the SST-k-ω
turbulence model were obtained with a finite-volume solver [4]. A hybrid computational mesh was constituted by
quadrangles near the airfoil and by triangles in the rest of the domain. To provide good accuracy of flow simulation
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Fig. 1. Sketch of the airfoil and the outer boundary
of the computational domain.

in the boundary layer, we chose such positions for the nearest nodes to the airfoil that the dimensionless distance y+

was less than unity [6]. The total number of mesh nodes was approximately 1.8 · 105. The solver was validated by
running a few benchmark problems on transonic buffet [4].

2. Flow Past a 9%-Thick Airfoil with an Elliptic Nose. For the airfoil (1)–(3) with h = 0.09 and
a = 0.3, we consider the same free-stream conditions as in the case of a 9%-thick airfoil with a sharp nose treated
in [5]: T∞ = 250 K and p∞ = 108,000 Pa.

Numerical solutions obtained with the above-mentioned solver revealed the existence of flow bifurcations at
α = 0◦ in the range of the free-stream Mach numbers

0.8554 � M∞ � 0.8640. (4)

Apart from the bifurcations, the solutions showed self-sustained oscillations (buffet onset) due to separation of
the boundary layers from the upper and lower surfaces of the airfoil in the aft region. Figure 2 demonstrates the
maximum values CL,max and minimum values CL,min of the lift coefficient for periodic self-sustained oscillations at
various values of M∞.

The realization of symmetric or asymmetric flow regimes depends on the initial data and time history of the
parameters M∞ and α [4, 5]. The domains I and IV in Fig. 2 correspond to the flow fields obtained for the initial
data determined by the uniform free stream and the zero angle of attack; the fields averaged in time are symmetric
about the x axis.

To obtain asymmetric flow fields corresponding to the domain II, we first ran flow computations for the initial
data M∞ = 0.86 and α = 1◦, and then the angle of attack was reduced to α = 0◦. The thus-obtained parameters of
the asymmetric flow at α = 0◦ were used as the initial data for transonic flow computations at smaller and greater
values of M∞. This made it possible to determine the bifurcation interval (4), in which there exist asymmetric
flow fields at α = 0◦. Figure 3 shows the asymmetric flow field (with three local supersonic regions) obtained at an
instant t for M∞ = 0.857 and α = 0◦. In the proximity of the trailing edge, the flow pattern with the boundary
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Fig. 2. Maximum and minimum values of the lift coefficient CL versus the Mach number M∞ for
self-sustained flow oscillations about the airfoil (thickness h = 0.09) described by Eqs. (1)–(3) at
a = 0.3, α = 0◦, and Re = 1.1 · 107 : the domains indicated by I–IV correspond to flow regimes with
different numbers of local supersonic regions: four regions (I), three regions (II and III), and two
regions (IV); the dashed curves show the results obtained for the inviscid flow.

layer separation differs only slightly from that studied in [4]. The Reynolds number based on the airfoil chord length
of 0.5 m and M∞ ≈ 0.86 is 1.1 · 107. The frequency of self-sustained oscillations is 143–147 Hz for the regimes I–III
(see Fig. 2) and 137 Hz for the regime IV.

In the interval 0.8604 < M∞ < 0.8636 between the domains I and IV indicated in Fig. 2, the symmetric flow
past the airfoil (1)–(3) is unstable. In this interval, perturbations that emanate from the oscillating boundary layers
trigger restructuring of the flow field and a transition to an asymmetric flow with three local supersonic regions
(and positive or negative lift coefficient). The causes of the instability of the flow structure with local supersonic
regions residing closely to each other were discussed in [3–5].

The free-stream Mach number M∞ = 0.8555 turned out to be the most unfavorable one, as it provokes
considerable jumps of the lift coefficient under small perturbations of the angle α. This follows from the analysis of
Fig. 2 and is also confirmed by the dependence of CL on α plotted in Fig. 4. At M∞ = 0.8555, it is seen that small
reversal oscillations of the angle of attack around α = 0◦ may result in jumps of the lift coefficient from CL = −0.15
to CL = 0.15, in contrast to a smooth behavior of CL(α) at M∞ = 0.867.

The numerical simulations of the flow past the airfoil (1)–(3) with a = 0.3 demonstrated that the bifurcation
range in this case virtually coincides with that obtained in [5] for an airfoil whose nose and tail are circular arcs
of a smaller length (a = 0.25). This is explained by the fact that the lengths of the airfoil midparts with a zero
or small local curvature are nearly the same for the two cases mentioned above. On the other hand, replacement
of the circular-arc nose by the elliptic-arc nose with the same parameter a = 0.25 would result in a considerable
expansion of the airfoil portion with a small curvature and in a displacement of the bifurcation interval toward
greater values of M∞.

Computations of the inviscid flow past the airfoil (1)–(3) on the basis of the Euler equations yielded a slight
shift of the bifurcation interval toward smaller values of the Mach number (dashed curves in Fig. 2).

3. Flow Past a Thin Double Wedge of 7% Thickness. A symmetric double wedge with a rectangular
insert is determined by the following expressions:
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Fig. 3. Mach number contours in an asymmetric flow past the airfoil described by Eqs. (1)–(3) for
h = 0.09, a = 0.3, α = 0◦, M∞ = 0.857, and Re = 1.1 · 107.
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Fig. 4. Maximum and minimum values of the lift coefficient CL versus the angle of attack for the
airfoil described by Eqs. (1)–(3) for h = 0.09, a = 0.3, and Re = 1.1 · 107 : the shaded domains refer
to M∞ = 0.8555; the dashed curves refer to M∞ = 0.867.

y(x) =

⎧
⎪⎨

⎪⎩

±h/2, a � x � 1 − a,

±hx/(2a), 0 < x < a,

±h(1 − x)/(2a), 1 − a < x < 1.

(5)

We choose the same airfoil thickness (h = 0.07) and the nose and tail lengths (a = 0.3) as those for a smooth airfoil
considered in Sec. 3 of the paper [4]. In addition, we prescribe the same free-stream parameters: T∞ = 250 K and
p∞ = 5 · 104 Pa.
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Fig. 5. Maximum and minimum values of the lift coefficient CL versus the Mach number M∞ for
the airfoil described by Eqs. (5) with h = 0.07, a = 0.3, α = 0◦, and Re = 5.1 · 106: the shaded
domain corresponds to the flow field with two local supersonic regions.
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Fig. 6. Mach number contours in an asymmetric flow past the airfoil described by Eqs. (5) with
h = 0.07, a = 0.3, α = 0◦, M∞ = 0.852, and Re = 5.1 · 106.

Figure 5 shows the dependence of the lift coefficient on the Mach number for the airfoil (5) at α = 0◦. Flow
bifurcations are revealed in a narrow range of the free-stream Mach numbers

0.8511 < M∞ < 0.8536. (6)

To obtain asymmetric flow regimes with a positive lift coefficient, we first ran the solver for the initial data M∞ =
0.853 and α = 0.5◦ and then gradually reduced the angle of attack α to zero. The resultant asymmetric flow at
α = 0◦ was used as the initial state for computations of asymmetric flows at smaller and greater values of M∞; in
this way, we determined interval (6). Figure 6 demonstrates the asymmetric flow obtained for M∞ = 0.852. The
Reynolds number based on the airfoil chord length of 0.5 m and M∞ ≈ 0.852 is 5.1 · 106.
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A comparison of the numerical results with those presented in [4] for a smooth airfoil shows that the
existence of airfoil breakpoints at x = 0.7, y = ±0.035 entails a shift of the terminating shock waves upstream to
the breakpoints and shrinking of the local supersonic regions on both airfoil surfaces. As a result, the correlation
of the supersonic regions via the near wake region decreases, and the range of M∞, in which asymmetric regimes
exist, becomes narrower.

For M∞ < 0.857, there are no self-sustained flow oscillations, as the boundary layer separation from the
airfoil is weak in this case. At the same time, reduction of the airfoil nose (tail) length from a = 0.3 to a = 0.25 or
a 2.5-fold decrease in pressure p∞ (and, hence, in the Reynolds number) would result in excitation of oscillations
in both symmetric and asymmetric flow regimes.

Conclusions. This study has confirmed the concept proposed in [3–5] that the length of the airfoil midpart
with a small or zero curvature is of principal importance for the onset of flow bifurcations. The values of M∞ at
the beginning of the bifurcation interval turn out to be the most unfavorable ones, because there are considerable
jumps of the lift coefficient under small perturbations of the angle of attack at those Mach numbers. The existence
of breakpoints at the junction of the airfoil tail and midpart results in shrinking of the bifurcation interval with
respect to M∞ at α = 0◦.

REFERENCES

1. M. M. Hafez and W. H. Guo, “Nonuniqueness of transonic flows,” Acta Mech., 138, Nos. 3/4, 177–184 (1999).
2. M. M. Hafez and W. H. Guo, “Some anomalies of numerical simulation of shock waves. 1. Inviscid flows,” Comput.

Fluids, 28, Nos. 4/5, 701–719 (1999).
3. A. G. Kuz’min, “Bifurcations and buffet of transonic flow past flattened surfaces,” Comput. Fluids, 38, No. 7,

1369–1374 (2009).
4. A. G. Kuz’min, “Self-sustained oscillations and bifurcations of transonic flow past simple airfoils,” J. Appl. Mech.

Tech. Phys., 49, No. 6, 919–925 (2008).
5. A. G. Kuz’min, “Bifurcations of transonic flow past flattened airfoils,” Centre pour la comm. sci. directe:

http://hal.archives-ouvertes.fr/hal-00433168/en.
6. F. Menter, “Zonal two equation k–ω turbulence model predictions,” AIAA Paper No. 93-2906 (1993).

21



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


